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Let D be an integral domain, Γ be a torsion-free grading monoid,
and D[Γ ] be the monoid domain of Γ over D . Suppose that
D[Γ ] is a Krull domain, and let Cl(D[Γ ]) be the divisor class
group of D[Γ ]. We show that every divisor class of D[Γ ] contains
a prime ideal. As a corollary, we have that D[Γ ] is a half-factorial
domain if and only if |Cl(D[Γ ])|  2; hence in this case, either
D or Γ is factorial. We also show that if T is the set of non-
homogeneous prime elements of D[Γ ], then D[Γ ]T is a π-domain
with Cl(D[Γ ]) = Cl(D[Γ ]T ).
© 2011 Elsevier Inc. All rights reserved.
0. Introduction
Let D be an integral domain with quotient ﬁeld K , Γ be a nontrivial torsion-free grading monoid
with quotient group G and D[Γ ] be the monoid domain of Γ over D (hence, D[Γ ] is an integral
domain).
Let Λ be an index set of given cardinality, and let G0 =∑i∈Λ Zi , where each Zi is the additive
group of integers. Let F be a ﬁeld and Xi, Yi, Ti,Ui be indeterminates over F with XiUi = Yi Ti , and
let A = F [{Xi, Yi, Ti,Ui}i∈Λ]. Claborn showed that A is a Krull domain with Cl(A) = G0. Also, he
showed that each divisor class of A[X], the polynomial ring over A, contains a prime ideal. Hence for
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G.W. Chang / Journal of Algebra 336 (2011) 370–377 371a subgroup H of G0, if we set R =⋂{A[X]Q | Q is a height-one prime ideal of A[X] and cl(Q ) /∈ H},
then R is a Krull domain with Cl(R) = G0/H . Note that each abelian group is of the form G0/H for
some free abelian group G0 and its subgroup H . Thus, every abelian group is the divisor class group
of a Krull domain [3, Propositions 4, 5 and 6].
The ring D is called a half-factorial domain (HFD) if for every nonzero d ∈ D , any two factorizations
of d into irreducible factors have the same number of terms. Zaks showed that if D is a Krull domain,
then D[X] is an HFD if and only if |Cl(D[X])|  2 [15, Theorem 2.4]. The proof depends on the
fact that each divisor class of D[X] contains a prime ideal. Anderson–Anderson proved that if each
divisor class of a Krull domain D contains a prime ideal, then D is an HFD if and only if |Cl(D)| 2
[1, Corollary 2.3(c)]. Kim showed that if D[Γ ] is a Krull domain, where either D is a factorial domain
but not a ﬁeld or Γ is a group, then each nonzero divisor class of D[Γ ] contains a prime ideal [12,
Theorems 7 and 11].
The purpose of this paper is to show that every divisor class of Krull monoid domains contains
a prime ideal. More precisely, in Section 1, we show that D[Γ ] is integrally closed and G is of type
(0,0,0, . . .) if and only if f K [G] ∩ D[Γ ] = f A−1f [E−1f ] for all nonzero f ∈ K [G] and G is of type
(0,0,0, . . .), if and only if each t-ideal A of D[Γ ] is of the form A = hg ID[ J ] for some nonzero
h, g ∈ K [G] and t-ideals I and J of D and Γ , respectively. Let D[Γ ] be a Krull domain. We show, in
Section 2, that each divisor class of D[Γ ] contains a prime ideal. As a corollary, we have that D[Γ ] is
an HFD if and only if |Cl(D[Γ ])| 2; hence in this case, either D or Γ is factorial. Let T be the set of
non-homogeneous prime elements of D[Γ ]. Finally, in Section 3, we show that D[Γ ]T is a π -domain
and Cl(D[Γ ]T ) = Cl(D[Γ ]).
0.1. Deﬁnitions related to the t-operation
Let F(D) be the set of nonzero fractional ideals of D . For each I ∈ F(D), let I−1 = {x ∈ K | xI ⊆ D},
I v = (I−1)−1, and It =⋃{ J v | J ⊆ I and J is a nonzero ﬁnitely generated ideal}. An I ∈ F(D) is called
a v-ideal (resp., t-ideal) if I v = I (resp., It = I), while a t-ideal P of D is a maximal t-ideal if P is
maximal among proper integral t-ideals of D . It is well known that a prime ideal minimal over a
t-ideal is a t-ideal; a maximal t-ideal is a prime ideal; and each proper integral t-ideal is contained
in a maximal t-ideal. An I ∈ F(D) is said to be t-invertible if (I I−1)t = D; equivalently, I I−1  P for
all maximal t-ideals P of D . The (t-)class group of D is an abelian group Cl(D) = T (D)/Prin(D), where
T (D) is the group of t-invertible fractional t-ideals of D under the t-multiplication I ∗ J = (I J )t and
Prin(D) is the subgroup of T (D) of nonzero principal fractional ideals. If D is a Krull domain, then
Cl(D) is just the usual divisor class group of D; and if D is a Prüfer domain, then Cl(D) is the ideal
class group of D . We denote by cl(A) the divisor class of D containing a t-invertible t-ideal A. So if
A, B are t-invertible t-ideals, then cl(A) = cl(B) if and only if A = uB for some nonzero u ∈ K .
Let Γ be a torsion-free grading monoid with quotient group G , and let D[Γ ] be the semigroup
ring of Γ over D . It is well known that D[Γ ] is an integral domain [8, Theorem 8.1] and Γ admits
a total order < compatible with its monoid operation [8, Corollary 3.4]. Hence each f ∈ D[Γ ] is
uniquely written in the form
f = a0Xα0 + a1Xα1 + · · · + an Xαn ,
where ai ∈ D and α j ∈ Γ with α0 < α1 < · · · < αn . For any f ∈ K [G], we denote by A f (resp., E f )
the fractional ideal of D (resp., Γ ) generated by the coeﬃcients (resp., exponents) of f ; hence A f =
(a0,a1, . . . ,an) and E f = (α0 + Γ ) ∪ (α1 + Γ ) ∪ · · · ∪ (αn + Γ ). The torsion-free abelian group G is
said to be of type (0,0,0, . . .) if G satisﬁes the ascending chain condition on cyclic subgroups. As in
the domain case, one can deﬁne the v- and t-operation; maximal t-ideals; t-invertibility; and the
(t-)class group for Γ . The reader can refer to [7, §32 and §34] for the v- and t-operation on integral
domains; to [8, §16] or [10] for the v- and t-operation on monoids; and to [8,10] for monoids and
monoid domains.
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Let D be an integral domain with quotient ﬁeld K and Γ be a torsion-free grading monoid with
quotient group G . Let Div(D) be the semigroup of t-ideals of D under A ∗ B = (AB)t . Then Prin(D)
is a subgroup of Div(D), and hence Cls(D) = Div(D)/Prin(D), called the class semigroup of D , is a
semigroup. Clearly, Cl(D) is a subgroup of Cls(D); and Cl(D) = Cls(D) if and only if D is a Krull
domain. Similarly, we can deﬁne the class semigroup Cls(Γ ) of Γ .
In this section, we prove that Cls(D[Γ ]) = Cls(D) ⊕ Cls(Γ ) naturally as monoids if and only if
f K [G] ∩ D[Γ ] = f A−1f [E−1f ] for all nonzero f ∈ D[Γ ] and G is of type (0,0,0, . . .), if and only if
D[Γ ] is integrally closed and G is of type (0,0,0, . . .). This is the combination of Kang’s and Kim-
Park’s results which state that Cls(D) = Cls(D[G]) (resp., Cls(Γ ) = Cls(K [Γ ])) naturally as monoids if
and only if f K [G] ∩ D[G] = f A−1f [G] (resp., f K [G] ∩ K [Γ ] = f K [E−1f ]) for all nonzero f ∈ K [G] and
G is of type (0,0,0, . . .) [11, Theorem] (resp., [13, Theorem 5]).
Lemma 1. (See [14, Lemma 1.4].) Let S be a multiplicative subset of D and let I be a nonzero fractional ideal
of D.
(1) If I is ﬁnitely generated, then (I D S )−1 = I−1DS and (I DS )v = (I v DS )v .
(2) (I DS )t = (It D S )t .
Lemma 2. If A is a nonzero fractional ideal of D[Γ ], then At = (AD[G])t ∩ (AK [Γ ])t .
Proof. Let T = D \ {0} and N = {Xα | α ∈ Γ }. Then K [Γ ] = D[Γ ]T , D[G] = D[Γ ]N , and D[Γ ] = D[G]∩
K [Γ ]. Hence by Lemma 1, At ⊆ (AD[G])t ∩ (AK [Γ ])t . For the reverse containment, let f ∈ (AD[G])t ∩
(AK [Γ ])t . Then there exists a nonzero ﬁnitely generated ideal I of D[Γ ] such that I ⊆ A and f ∈
(I D[G])v ∩ (I K [Γ ])v ; so by Lemma 1, f I−1 ⊆ f I−1D[G] ∩ f I−1K [Γ ] = f (I D[G])−1 ∩ f (I K [Γ ])−1 ⊆
D[G] ∩ K [Γ ] = D[Γ ]. Hence f ∈ I v ⊆ At . Thus, (AD[G])t ∩ (AK [Γ ])t ⊆ At . 
It is known that D[Γ ] is integrally closed if and only if D and Γ are integrally closed [8, Corol-
lary 12.11]. Let I be a nonzero fractional ideal of D and let J be a fractional ideal of Γ . Then
(I[ J ])−1 = I−1[ J−1] and (I[ J ])t = It[ Jt] [5, Lemma 2.3]. Hence I[ J ] is a t-ideal if and only if I and J
are t-ideals; and I[ J ] is t-invertible if and only if I and J are t-invertible [5, Corollary 2.4].
Let ϕ : Cls(D) ⊕ Cls(Γ ) → Cls(D[Γ ]) be the map deﬁned by ϕ(cl(I), cl( J )) = cl(I[ J ]). Then ϕ is a
semigroup homomorphism, and we mean by Cls(D[Γ ]) = Cls(D) ⊕ Cls(Γ ) that ϕ is an isomorphism.
Thus, Cls(D[Γ ]) = Cls(D) ⊕ Cls(Γ ) if and only if each t-ideal of D[Γ ] is of the form A = hg I[ J ] for
some nonzero h, g ∈ K [G] and t-ideals I and J of D and Γ , respectively. In particular, the equality
Cls(D[Γ ]) = Cls(D) ⊕ Cls(Γ ) implies that D[Γ ] is integrally closed [5, Proposition 2.2].
Theorem 3. The following statements are equivalent.
(1) Cls(D[Γ ]) = Cls(D) ⊕ Cls(Γ ).
(2) f K [G] ∩ D[Γ ] = f A−1f [E−1f ] for all nonzero f ∈ K [G] and G is of type (0,0,0, . . .).
(3) f K [G] ∩ D[G] = f A−1f [G] and f K [G] ∩ K [Γ ] = f K [E−1f ] for all nonzero f ∈ K [G] and G is of type
(0,0,0, . . .).
(4) D[Γ ] is integrally closed and G is of type (0,0,0, . . .).
Proof. Let T = D \ {0} and N = {Xα | α ∈ Γ }; so D[Γ ]T = K [Γ ] and D[Γ ]N = D[G].
(1) ⇒ (2) Let f ∈ K [G] be a nonzero element. Then Q f = f K [G] ∩ D[G] is a t-ideal of D[Γ ].
Note that Q f ⊆ K [G]; hence by (1), Q f = hI[ J ] for some nonzero h ∈ K [G] and t-ideals I and J of
D and Γ , respectively. Clearly, f K [G] = hK [G], and hence h = uXα f for some u ∈ K and α ∈ G; so
Q f = f uI[α + J ]. Obviously, uI = A−1f and α + J = E−1f .
Next, assume that G is not of type (0,0,0, . . .), and let (α1)  (α2)  (α3)  · · · be an inﬁnite
sequence of cyclic subgroups of G . Put A =⋃∞n=1(1− Xαn ), and note that, for each αn , there exists a
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α + (k − 1)β ∈ Γ , and since Γ is integrally closed, β + αn ∈ Γ . Hence Xβ A ⊆ D[Γ ], and thus A is a
fractional ideal of D[Γ ]. Note that (1 − Xα1)  (1 − Xα2)  (1 − Xα3)  · · · and each (1 − Xαn ) is a
t-ideal; so A is a t-ideal. However, A is not of the form hg I[ J ] for all nonzero g,h ∈ K [G].
(2) ⇒ (3) f K [G] ∩ D[G] = ( f K [G] ∩ D[Γ ])N = ( f A−1f [E−1f ])N = f A−1f [G] and f K [G] ∩ K [Γ ] =
( f K [G] ∩ D[Γ ])T = ( f A−1f [E−1f ])T = f K [E−1f ] by (2).
(3) ⇒ (4) This appears in [11, Theorem] and [13, Theorem 5].
(4) ⇒ (1) Let A be a t-ideal of D[Γ ]. Since A is a fractional ideal, there exists a nonzero
k ∈ D[Γ ] such that kA ⊆ D[Γ ]. Hence we may assume that A ⊆ D[Γ ] ⊆ K [G]. Note that D and
Γ are integrally closed; so (AD[G])t = f I[G] [11, Lemma 3] and (AK [Γ ])t = gK [ J ] [13, Lemma 4]
for some f , g ∈ K [G] and t-ideals I and J of D and Γ , respectively. Hence f K [G] = ((AD[G])t)T =
(((AD[Γ ]N)t)T )t = (((AD[Γ ]N))T )t = (((AD[Γ ]T ))N )t = ((AK [Γ ])N )t = (((AK [Γ ])t)N )t = (gK [ J ]N )t =
gK [G] by Lemma 1; so f = uXα g for some u ∈ K and α ∈ G . Let h = ug . Then (AK [Γ ])t = hK [ J ] =
hIK [ J ] = (hI[ J ])K [Γ ] and (AD[G])t = hI[G] = (hI[ J ])D[G]. Thus by Lemma 2, A = (AD[G])t ∩
(AK [Γ ])t = (hI[ J ])D[G] ∩ (hI[ J ])K [Γ ] = hI[ J ], because hI[ J ] is a t-ideal of D[Γ ]. 
Corollary 4. (See [8, Theorem 15.6].) D[Γ ] is a Krull domain if and only if D and Γ are Krull and G is of type
(0,0,0, . . .).
Proof. Suppose that D[Γ ] is a Krull domain, and let I (resp., J ) be a t-ideal of D (resp., Γ ). Then I[ J ],
and hence I and J are t-invertible. Thus, D and Γ are Krull. Note that a Krull domain satisﬁes the
ascending chain condition on principal ideals, thus G is of type (0,0,0, . . .) (cf. the proof of (1) ⇒ (2)
in Theorem 3). For the converse, let A be a t-ideal of D[Γ ]. Note that D[Γ ] is integrally closed. Hence
by Theorem 3, A = hg I[ J ] for some nonzero g,h ∈ K [G] and t-ideals I and J of D and Γ , respectively.
Since I and J are t-invertible, A is t-invertible. Thus, D[Γ ] is a Krull domain. 
2. The class group of Krull monoid domains
Throughout D is an integral domain with quotient ﬁeld K and Γ is a torsion-free grading monoid
with quotient group G .
In this section, we prove that if D[Γ ] is a Krull domain, then each divisor class of D[Γ ] contains
a prime ideal. Our ﬁrst result is a generalization of the Eisenstein Criteria whose proof is the same as
the usual proof.
Lemma 5. Let D be a factorial domain and G be a torsion-free abelian group. Let f = a0 + a1Xα1 + · · · +
an Xαn ∈ D[G] such that n  1 and 0 < α1 < · · · < αn. Let p ∈ D be a prime, and assume p  an, p | ai for
i  n − 1, p2  a0 , and (A f )v = D. Then f is a prime in D[G].
Proof. Suppose that f is reducible, and let f = gh for some g,h ∈ D[Γ ]. Since (A f )v = D , we can
write g and h as follows
g = b0 + b1Xβ1 + · · · + bd Xβd
and
h = c0 + c1Xγ1 + · · · + cmXγm ,
where 0< β1 < · · · < βd , 0< γ1 < · · · < γm , d,m 1 and bdcm = 0.
Note that pD[G] is a prime ideal, and so D[G]/pD[G] ∼= (D/pD)[G] is an integral domain. Note
also that in (D/pD)[G], we have f¯ = g¯h¯. Hence a¯n Xαn = (b¯0 + b¯1Xβ1 +· · ·+ b¯d Xβd )(c¯0 + c¯1Xγ1 +· · ·+
c¯m Xγm ), and thus g¯ and h¯ are both homogeneous in (D/pD)[G]. However, since p2  a0 = b0c0, we
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D[G], and since D[G] is a GCD-domain [8, Theorem 14.5], f is a prime in D[G]. 
Let X1(D) denote the set of height-one prime ideals of D . It is well known that if D is a Krull do-
main, then X1(D) is the set of maximal t-ideals of D and also DP is a rank-one DVR for all P ∈ X1(D).
We denote by v P the valuation on K associated with DP . We also use the same notations for Krull
monoids.
Lemma 6. Let D be a Krull domain that is not a factorial domain, and let a,b ∈ K be nonzero elements. Then
there exist a nonzero c ∈ D and a prime P ∈ X1(D) such that (a,b)v = (a,bc)v and bca DP = P DP .
Proof. It is clear that if |X1(D)| < ∞, then D is a semi-local PID. Hence |X1(D)| = ∞, because D is
not factorial, and so there exists a prime P ∈ X1(D) such that aDP = bDP = DP . By the approximation
theorem for Krull domains [7, Theorem 44.1], there exists a nonzero c ∈ K such that, for Q ∈ X1(D),
vQ (c) =
{
0 if vQ (a) = 0 or vQ (b) = 0,
1 if Q = P
and vQ (c) 0 if otherwise.
Clearly, c ∈ D . Next, if vQ (a) = vQ (b) = 0, then (a,b)DQ = DQ = (a,bc)DQ . Also, if vQ (a) = 0
or vQ (b) = 0, then cDQ = DQ , and hence (a,bc)DQ = (a,b)DQ . Thus, (a,b)v =⋂Q ∈X1(D)(a,b)DQ =⋂
Q ∈X1(D)(a,bc)DQ = (a,bc)v [7, Theorem 44.2]. Moreover, v P ( bca ) = v P (b) + v P (c) − v P (a) = 1 or
bc
a DP = P DP . 
Lemma 7. Let Γ be a Krull monoid that is not a factorial monoid, and let α1,α2 ∈ G. Then there exist an
α ∈ Γ and a prime P ∈ X1(Γ ) such that ((α1 + Γ ) ∪ (α2 + Γ ))v = ((α1 + Γ ) ∪ ((α2 + α) + Γ ))v and
v P (α2 + α − α1) = 1.
Proof. This can be proved in the same way as the proof of Lemma 6 using the approximation theorem
for Krull monoids [10, Theorem 26.4]. 
We next give the main result of this paper.
Theorem 8. Each divisor class of a Krull domain D[Γ ] contains a prime ideal.
Proof. Let A be a v-ideal of D[Γ ]. Note that G , the quotient group of Γ , is of type (0,0,0, . . .) by
Corollary 4. Hence by Theorem 3, A = h1h2 I[ J ] for some h1,h2 ∈ K [G] and v-ideals I and J of D and Γ ,
respectively. Note also that I−1 and J−1 are v-ideals. Hence I−1 = (a,b)v and J−1 = ((α + Γ ) ∪
(β + Γ ))v for some nonzero a,b ∈ K and some α,β ∈ G .
Case 1. cl(A) = cl(D[Γ ]). Since Γ is a Krull monoid and G is of type (0,0,0, . . .), we can choose
a nonzero γ ∈ Γ such that if γ = nh for any h ∈ Γ and integer n  0, then γ = h. So if we set
f = 1 − Xγ , then f is a prime element of K [G] [9, Corollary 7.7]. Hence Q f = f K [G] ∩ D[Γ ] =
f A−1f [E−1f ] = f D[Γ ] by Theorem 3, and thus Q f is a prime ideal and cl(A) = cl(Q f ).
Case 2. cl(A) = cl(D[ J ]). By Lemma 7, we may assume that vQ (α − β) = 1 for some prime ideal
Q of Γ with ΓQ a discrete valuation monoid of rank-one. Let g = α − β , and note that if g = nh for
some h ∈ G and integer n 0, then 1= vQ (g) = vQ (nh) = nvQ (h). Hence n = 1. Thus, f := 1− X g is a
prime element of K [G] [9, Corollary 7.7]. Also, note that E f = Γ ∪ (g+Γ ) = −β + ((α+Γ )∪ (β +Γ )).
Hence by Theorem 3, Q f = f K [G]∩ D[Γ ] = f A−1f [E−1f ] = f D[β + ((α+Γ )∪ (β +Γ ))−1] = f XβD[ J ].
Thus, Q f is a prime ideal and cl(A) = cl(Q f ).
G.W. Chang / Journal of Algebra 336 (2011) 370–377 375Case 3. cl(A) = cl(I[Γ ]). By Lemma 6, we may assume that ab DP = P DP for some prime P ∈ X1(D).
Let p = ab . Note that DP is a rank-one DVR, and so DP is a factorial domain. Hence if α ∈ Γ with
α > 0, then f := p + Xα is a prime in DP [G] by Lemma 5. Note that A−1f = ( ab ,1)−1 = b(a,b)−1 = bI
and E−1f = (Γ ∪ (α + Γ ))−1 = Γ . Hence Q f = f D P [G] ∩ D[Γ ] = ( f K [G] ∩ DP [Γ ]) ∩ D[Γ ] = f K [G] ∩
D[Γ ] = f A−1f [E−1f ] = bf (a,b)−1[Γ ] = bf I[Γ ]. Thus, Q f is a prime ideal of D[Γ ] and cl(A) = cl(Q f ).
Case 4. cl(A) = cl(I[ J ]). Let p and g be as in Cases 2 and 3, and let f = p + X g . Then f is a prime
in DP [G] by Lemma 5, and so f is a prime in K [G]. Hence Q f = f K [G] ∩ D[Γ ] = f A−1f [E−1f ] =
f bXβ(a,b)−1[((α + Γ ) ∪ (β + Γ ))−1] = f bXβ I[ J ]. Thus, Q f is a prime ideal of D[Γ ] and cl(A) =
cl(Q f ). 
Anderson–Anderson showed that if each divisor class of a Krull domain D contains a prime ideal,
then D is an HFD if and only if |Cl(D)| 2 [1, Corollary 2.3(c)]. Also, if D[Γ ] is a Krull domain, then
Cl(D[Γ ]) = Cl(D) ⊕ Cl(Γ ); hence by Theorem 8, we have
Corollary 9. If D[Γ ] is a Krull domain, then D[Γ ] is an HFD if and only if |Cl(D[Γ ])| 2; hence, in this case,
either D or Γ is factorial.
Let U (D) be the group of units of D , D∗ = D−{0}, K ∗ = K −{0}, Γ = D∗/U (D) and G = K ∗/U (D).
For each aU (D),bU (D) ∈ Γ , deﬁne aU (D) + bU (D) = abU (D). Clearly Γ is a commutative cancella-
tive monoid with quotient group G . Moreover, if D is integrally closed, then Γ is torsion-free [2,
Lemma 1]. Hence Γ and G are totally ordered. Note that G(D), the group of divisibility of D , is par-
tially ordered under “aU (D)  bU (D) ⇔ ba ∈ D"; hence G(D) is totally ordered if and only if D is
a valuation domain [7, Theorem 16.3]. Thus, if D is not a valuation domain, then the order of G is
different from that of G(D).
Corollary 10. The following statements are equivalent for a Krull domain D.
(1) |Cl(D)| 2.
(2) K [D∗/U (D)] is an HFD.
(3) D[K ∗/U (D)] is an HFD.
Proof. Let Γ = D∗/U (D) and G = K ∗/U (D). Then Γ is a Krull monoid with quotient group G [10,
Theorem 23.4]. Note that Γ has a unique unit U (D), and so G is of type (0,0,0, . . .). Hence D[G]
and K [Γ ] are Krull domains (Corollary 4) and Cl(D[G]) = Cl(K [Γ ]) = Cl(D) [2, Theorem 4]. Thus, the
result is an immediate consequence of Corollary 9. 
3. π -Domain overrings of Krull monoid domains
An integral domain D is called a π -domain if each nonzero ideal of D is a ﬁnite product of prime
ideals. It is known that D is a π -domain if and only if D is a Krull domain and each minimal prime
ideal of D is invertible [7, Theorem 46.7].
Let D[Γ ] be a Krull domain, and let T be the set of non-homogeneous prime elements of D[Γ ].
In this section, we show that D[Γ ]T is a π -domain and that if Γ is a factorial monoid with
Γ ∩ (−Γ ) = {0}, then D[Γ ]T is a Dedekind domain.
Lemma 11. Let D be a Krull domain that is not a factorial domain. If I is a nonzero ideal of D with Iv = D,
then I[Γ ] contains a non-homogeneous prime element.
Proof. Since D is a Krull domain, there exist some nonzero a,b ∈ I such that (a,b)v = D . Also, by
Lemma 6, we may assume that there exists a prime P ∈ X1(D) such that ba DP = P DP . For any α ∈ Γ
with α > 0, put f = b + aXα . Clearly, f ∈ (a,b)D[Γ ] ⊆ I[Γ ], A−1f = D and E−1f = Γ . Note that ba
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( ba + Xα)K [G] ∩ D[Γ ] = f K [G] ∩ D[Γ ] = f A−1f [E−1f ] = f D[Γ ]. Thus, f is a non-homogeneous prime
element of D[Γ ]. 
Lemma 12. Let Γ be a Krull monoid that is not a factorial monoid. If J is an ideal of Γ with J v = Γ , then
D[ J ] contains a non-homogeneous prime element.
Proof. This can be proved in the same way as the proof of Lemma 11 using Lemma 7 and [9, Corol-
lary 7.7]. (Cf. The proof of Case 2 in the proof of Theorem 8.) 
Theorem 13. Let D[Γ ] be a Krull domain, and let T be the set of non-homogeneous prime elements of D[Γ ].
Then D[Γ ]T is a π -domain and Cl(D[Γ ]) = Cl(D[Γ ]T ).
Proof. By the Nagata’s theorem [6, Corollary 7.3], Cl(D[Γ ]) = Cl(D[Γ ]T ). So it suﬃces to show that
each height-one prime ideal of D[Γ ]T is invertible [7, Theorem 46.7]. Note that each height-one prime
ideal Q of D[Γ ]T is of the form P [Γ ]T , D[S]T or ( f A−1f [E−1f ])T , where P ∈ X1(D), S ∈ X1(Γ ), and
f ∈ D[Γ ].
Case 1. Q = P [Γ ]T . Clearly P  P P−1, and hence (P P−1)v = D . If D is factorial, then P P−1 = D ,
and hence (P P−1)[Γ ]T = D[Γ ]T . Next, if D is not factorial, then by Lemma 11, (P P−1)[Γ ] contains
a non-homogeneous prime element, and so (P P−1)[Γ ]T = D[Γ ]T . Hence D[Γ ]T = (P P−1)[Γ ]T =
(P [Γ ]T )(P−1[Γ ]T ) ⊆ Q Q −1 ⊆ D[Γ ]T . Thus Q Q −1 = D[Γ ]T .
Case 2. Q = D[S]T . By Lemma 12 and using the same argument as in Case 1, we have Q Q −1 =
D[Γ ]T .
Case 3. Q = ( f A−1f [E−1f ])T . If A−1f is principal, then A−1f [Γ ]T is invertible. Next if A−1f is not princi-
pal, then D is not factorial, and since (A f A
−1
f )v = D , we have (A f [Γ ]T )(A−1f [Γ ]T ) = (A f A−1f )[Γ ]T =
D[Γ ]T by Lemma 11. A similar argument using Lemma 12 shows (D[E f ]T )(D[E−1f ]T ) =
D[E f + E−1f ]T = D[Γ ]T . Note that Q = ( f D[Γ ]T )(A−1f D[Γ ]T )(D[E−1f ]T ). Thus Q is invertible. 
The next result was proved by Claborn when {Xα} is an inﬁnite set [3, Proof of Theorem 7] and by
Costa, Gallardo and Querre when {Xα} is a singleton set and D has inﬁnitely many height-one prime
ideals [4].
Proposition 14. Let {Xα} be a nonempty set of indeterminates over a Krull domain D, and let T be the set of
prime polynomials of degree 1. Then D[{Xα}]T is a Dedekind domain with Cl(D) = Cl(D[{Xα}]T ).
Proof. The equality Cl(D) = Cl(D[{Xα}]T ) is an immediate consequence of the Nagata’s theorem
[6, Corollary 7.3]. Next, let Q be a prime ideal of D[{Xα}] with ht Q  2. It suﬃces to show that
Q ∩ T = ∅. Choose x ∈ {Xα}, and let Y = {Xα} − {x}; hence D[{Xα}] = D[Y ][x] and Q ∩ D[Y ] = (0).
Let p ∈ Q ∩ D[Y ] be a nonzero element, and choose h = a0 + a1x + · · · + anxn ∈ Q , where ai ∈ D[Y ],
such that (p,h)v = D[{Xα}]. Note that x ∈ T and h = 0. So we assume that x /∈ Q and a0 = 0.
Case 1. D[Y ] is a factorial domain. Then we can assume that p is a prime in D[Y ]. Let f ∈ Q be a
prime factor of h+ pxn+1. Note that p does not divide at least one of the ai in D[Y ]; so p  h+ pxn+1
in D[Y ][x]. Hence the degree of f in x is greater than or equal to 1, and thus f ∈ Q ∩ T .
Case 2. D[Y ] is not a factorial domain. Then |X1(D[Y ])| = ∞, and hence there exist a prime P ∈
X1(D[Y ]) and q ∈ D[Y ] such that p,a0 /∈ P , ((p,q)D[Y ])v = D[Y ], and qD[Y ]P = P D[Y ]P . So if we set
g = qh+pxn+1, then g is a prime in (D[Y ]P )[x, x−1] by Lemma 5. Note that ((qa0, . . . ,qan, p)D[Y ])v =
D[Y ], because ((p,q)D[Y ])v = D[Y ] and (p,h)v = D[{Xα}]. Hence if F is the quotient ﬁeld of D[Y ],
then gF [x, x−1] ∩ D[Y ][x] = gA−1g [E−1g ] = gD[Y ][x] by Theorem 3, and so g is a prime in D[Y ][x].
Thus g ∈ Q ∩ T . 
G.W. Chang / Journal of Algebra 336 (2011) 370–377 377It is known that if Γ is a factorial monoid with Γ ∩(−Γ ) = {0}, then Γ is the sum of copies of Z+ ,
the additive semigroup of nonnegative integers. Hence D[Γ ] ∼= D[{Xα}] for some indeterminates {Xα},
and thus D[Γ ]T is a Dedekind domain by Proposition 14. However, the proof of Theorem 13 does not
show if the ring D[Γ ]T is a Dedekind domain for a Krull monoid Γ .
Question 15. Let D[Γ ] be a Krull domain, and let T be the set of non-homogeneous prime elements
of D[Γ ]. Is D[Γ ]T a Dedekind domain?
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